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relations among the R which are identities in the determinants. We proceed to 
the classification. 

There exists no relation which is not either itself homogeneous in the ele- 
ments of a certain set of rows, and of a certain set of columns, or obtainable by 
the composition of relations having these properties. The most general relation 
ean be regarded as linear in the determinants of some set and as having for coef- 
ficients rational integral functions of the elements. Let 30 A =0 be such a 
relation. Choose a determinant containing a set of columns (i, j, f, ......... ). Mul- 
tiply these columns in the array by 8;, 8;, 8,, ~..--.- The result must vanish for 
every s. Hence equating to zero the coefficients of the various powers and 
products of the s’s we obtain a set of identities 


30, .=0 


homogeneous in a certain set of columns. A similar process in the rows gives 
a set of identities = C,, A .,—0, when each term contains the same set of rows and 
columns. Without loss of generality we may set m2 mn, where there are m rows 
and n columns. The original identity depends on and is composed of these. 
Since a single determinant cannot vanish identically the coefficient of each deter- 
minant must contain an element of some row not represented in this determinant 
but in others. 

First consider possible relations between the n+1 determinants which 
enter a single set of n+1 rows. These can be obtained from a vanishing deter- 
minant whose jth row is 


Consider the special case a,,.=1, ..., and put first 
a=1. We have 


or Axx, for (1, c?, ...., 2") 40. So in general Ajy. 

Returning to the general form, the vr each lack a kth column of being 
homogeneous in columns and a jth row of being homogeneous in rows. Hence, 
if in 3 A1,=% Ag, we place all the elements of the 1st column=—0 we obtain A, , 
=A,,, and similarly A;,—A,,, and the relation reduces to a series of multiples 
of the lineo-linear relations. 

Secondly we treat the case where determinants of more than n+1 rows 
enter. 

Lemma. Out of m different things r sets of n things are taken, and for each 
of these sets of n, every set of n+1 including it is formed. If the number of these sets 
is sand m—n= 2 and m2 2, then ns>r. 

Let the r sets be aj, , aj, , aj, , --, @j, (j=l, 2, ...,). Form the sets 
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Of these nr have repeated elements leaving (m—n)r which may in the complete 
system occur any number of times up ton+1. If 7; be the number occurring f 


times, s=> (f=1, n+1); T;=(m—n)r. Therefore 


nT, n(m—n)r_ 

ns= > F >r. 

Now let determinants of more than one set of n+1 rows enter the relation. If 
s be the number of these sets from the ns lineo-linear relations belonging to the 
sets, multiply them by indeterminate coefficients, add and equate the coefficient 
of each determinant to the corresponding coefficient in the given relation. There 
are r linear homogeneous equatious between ns indeterminates. They are inde- 
pendent; for, each involves a given set of rows, and as ns>r, rational integral 
functions of the elements can be found (in general in more than one way) for the 
indeterminates. This reduces the given relation to a sum of multiples of the 
lineo-linear relations. 

We consider primarily then ‘‘vanishing aggregates of determinant 
products’’ of the second order. Those of the third order vanish only by being 
sums of products of determinants by such second order aggregates. The third 
order aggregates of which Monge* gave the first example, are important as rela- 
tions used in elucidating the plexus between those of those of the second order. 

A vanishing aggregate of determinant products of the second order, is then 
homogeneous in rows and columns, of order 2 in the elements. It contains at 
least three terms. For, the product of the determinants containing the rows 
Ps QT; --, wand s, t, u, ...., 2, respectively, has a term 


apy by Cryo ’ Lio as by Cuy L, 


which can only be cancelled by a product from determinants such as 
(p, t, W)(8, U, 2) formed by simple interchange from first product, 
and this in turn has aterm Dy ¢,, ly Ag Cy, 1, Which does not occur 
in the first product. 

We take a set of R such relations (R2I) given by systematic enumera- 
tion and such that in every case these R are necessary and sufficient relations, 
but in any particular case (i. e. some one determinant not zero) a definite I of 
these relations are the independent ones. The set R may then be considered as 
fundamental. 

First we have relations of n+1 terms given by the expansion of the iden- 
tically vanishing determinant 


*Muir, p. 68. 


on 


| An-1 Dn 1 Cn—1 0 () 0 | 


As the choice of rows and of rows set opposite zeros is alone material we may 
denote this by 


0, 0, ny O, n | n+1, n+2, 
1, 2, 38,...,n—1, | n+1, n+2, .., 2m 


There are (O5)(n—1) of these, except for n=2 where the relation remains un- 

changed whichever row is placed opposite the zero. For n=2 the number is ( 4 ). 


This class of relations differs from the other classes to be discussed in im- 
portant points. Since all the rows are different each determinant is multiplied 


9 
; 2n 
by the same complementary determinant in each of the (,. 1) relations formed 


from a given 2x rows. We may refer to this class as the comnlementary class. 
Next we have relations of r terms 2<r<n-+1, given by the expansion of 
a similar vanishing determinant whose symbol is 


| n+1, n+2, .., n+r—1, 1, 2, ., 
1, 2, ..., m—-1, nm n+1, n+4+2, ..., n+r—1, 1, 2, .., n—re+l 


( n 


except for r=3 when the last factor is replaced by 1. The total for r=3, 4, ...., 
n+1 is 


The number is 


m —m+5) 
8 


For r<n-+1 the relations are ‘‘extensionals’’ of the relations of the com- 
plementary class for m’=2n’, where m’ is the number of rows not used as 
0004,/5671 


1234/5671 may be regarded as derived from 


‘“‘extenders.’’ For example, 


by using 1 as an ‘‘extender.’’ 


004|567 
234/56 


567 
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If there is an identical relation between complementary relations involv- 
ing the same set of rows of the form R,+R,+R,=—........ =0, this relation may 
be extended by introducing any set of new rows into all the determinants enter- 
ing. For example, the relation of complementary type of the 3x6 array are 
connected (among other connections) by 


|456 1/256,001|234_ 


which vanishes in the determinants. The relation 


0031/4564 dc......... 001/|256a be ........ 
also holds, when a 0 ¢ .......... is any set of rows. For, the vanishing of the sim- 


ple relation depends on interchanges of rows, which interchanges are not affected 
by the extension. 
Given any relation of complementary type 


0 0...... (r—1) | r+1, 2¢r—1) 
(r—1) | 7, r+), 2¢r—1)’ 


involving r terms, we obtain by extension ( rene ) new relations. There 


r—2 


is the number of relations of r terms in general. 
The number of relations involving a given determinant is 


r=4 


m 2(r—1) 
are (o¢r1y)( ) such complementary relations, so that 


For three-termed relations, we have the (n—2)nd extensions of the single rela- 
ted "; a is a factor of the number for the two rows in the given 


determinant, and (5) a factor for choice of two rows not in the extenders. For 


tion 


r>3 we have a factor for the order of arrangement of If 
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a, b, ...., ¢ belong to the given determinant, (r—2) or none of these rows occur 
opposite the zeros. This gives 2(r—1) as the factor, and K as the total. 

The relations of more than three terms involving a given determinant k 
are not independent but are connected with one another and those of their own 
type not involving k by linear relations whose coefficients are +1. 

Take first the case m—=2n and the relations of n+1 terms. Write the 2n 
column numbers as 


The relation 


i, 2, .., (8-1), 8 1 a, Gai), 3, 
contains k=(1, 2, ..., n). So does each relation arising out of this by any inter- 
changes of 1, 2, ....., n; ifn, (n—1), ---) 2, 1 are interchanged also, r and ; go- 


ing together, the leading terms have all the same sign. In general these inter- 
changes do not alter the signs. The corresponding relation 


(x1), (a—@), —, 3 13, 8, 


and all the results of interchanges also contain k. If n>2 none of this set falls 
in the last mentioned. Add all these relations; the result is not an identity in 
the relations but vanishes in the determinants. For example, the products 
[1, 2, ...., (n—1), a][m, ny (a+1), (a—1), 1] and [(n—1), (@ +1), a; 
(a—1), 1, 1] [2, 3, ...., n, n ] occur in the two sets. By the interchange (1n) 
followed by (1a), the latter becomes 


[(n=1), (@F1), Ty (@=1), 2, 0] 


[2, 8, (a—1), 1, (@+1), —, (n—1), @, 


which is identical, except as to sign, with the first product. By suitable inter- 
changes this pair of terms becomes other pairs and exhausts the two sets togeth- 
er. Hence we have an identity which may be written 3 R(k)=0 (m=2n). 
A single interchange of a barred and unbarred column changes all the R(k)’s but 
two to R(x%)’s, the exception being the two free from the interchanged columns. 
This interchange can be chosen so that for any one of the first set we have any 
one of the second left unchanged, and by subtraction we have for every pair of 
R(k)’s: 
R,(k)+R,(k) +3 REE )=0 (m=2n). 


This relation can now be extended by any set of columns. As no such relations 
hold for the 2x4 array the extended relations hold only down to R,. 

The reduction of the R(% ) to dependence on the R(k) can be accomplished 
as follows. Let 


| 
AY 
re 
| 
If 


Form the 3n row determinant whose upper right 2 x2n places are occupied by 
R(%) and lower left nxn by k and fill in zeros below the zeros of R(&) letters 
below the letters. Repeat k twice above itself. The symbol of it may be taken as 


ixpanding by lower rows, we get D=k R(k)+3aR, when every has at 
least one column which occurs in k. This determinant vanishes identically in 
the elements but not necessarily in the determinants. Expanding by the middle 
n rows, we see that only the determinants [a bc......... y X] have non-vanishing 
coefficients. If X comes from the columns to the right the coefficient is 0 for n 
odd, and 2 R(k) for n even. If X comes from k the coefficient contains (n—1) 
columns of k if it does not vanish, and is expressible as = R’,_,. We may then 
write 
= +3560 Xe RK) 


when every Ff, contains one column of fk not opposite a zero. FR’, _, has (n—1) 
columns of k in some position. The result is an identity in the determinants. 
Take one of the &, and form a new 3n rowed determinant 


Expanding by middle rows as before, we get D= Sa R(k)+30R',. By lower 
rows, we reach 


Finally we reach R,_1, and, by working on R’,_,; and on R’,, we reduce them to 
Ry, 7. e., to relations involving n—1 rows of k not opposite the zero. 
We then apply 


aie § (n—l) es 


The 3n rowed determinant vanishes in the elements; for, subtraction of the upper 
n rows from middle leaves only (n—1) columns. This time D=3a R(k) 
+306 R,-1, when the symbols giving rise to R,_, contain only two columns for- 
eign to k and either vanishes identically or contains k. Expanding by lower 
rows, we get D=-k R(k )—Xa R(k). Hence each R(x) is reduced by a chain to 
depend on K(k). 
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Now assume that all the R,(k) and one R,(k) in each set of columns van- 
ish. The number of relations assumed satisfied is I, the total number of inde- 
pendent relations. Apply a series of reducing operations to 


R,(k) +R’ (k)=3 


The R”,.(k) have already » columns of k, and one more is introduced not oppor, 
site the zero. The result is an extensional with one more column among the 
extenders, i. e., isan R”’,_,(k). Hence the R’,(k) do not reappear in the chain. 
In treating the R(x) it may happen that an extender is replaced on one side and 
and R,(k) lead to R,.1(k) or even to an R,,,(k), but these are reducible again, 
and eventually reduce to R,(k). 

We finally have the theorem: If k x0, every relation is satisfied if every 
R,(k)=-0, and one R,(k) =0 for every r and every set of columns. > 

The number of independent determinants ot order n in an mxn array is 
thus in general D=n(m—n) +1. 

In the particular case of zero values, however, either all vanish or there is 
an (n—1) Xn array in which not all the minors of order (n—1) vanish. Hence 
Cayley’s theorem holds: D,==-m—n+1. If the m—n-+1 determinants with 
n—1 columns of this array in common vanish, all others vanish. A general 
proof follows. A determinant not containing columns 1, 2, ...., n—1 has at least 
two columns not in this set. Hence the relation 


1 a | +....... sM 


gives (a y......... $)(1 2 3 (n—1)M)=—3(1 2 3......... n—1a)(M 8 +......... Ss) if M be an 
arbitrary column and every minor of order n—1 from (1, 2, -.., m—1) be not 
zero, (1, 2, ...,n—1, M) #0. Then from (1, 2, 3, ....,n—1, 4)=0, any‘ of 
m—n-+1 columns, follows (4 @ +......... s)=0. As in the general case m—n > 2. 

There are also relations between determinants of different orders taken 
from an array. The vanishing determinant 


An+1 Dn+1 An+1 On +1 In+1 
0 0 a; b; 

r—1 rows 0 0 0 a; b; Cj 1; 
r columns 


gives r types of identities between (n xn) and (rxr) determinants. If s of the 
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set (7, j, N+1), there are of the type s 
s=[0, 1, ...., (r7—1)]. If the array have M rows and N columns the total num- 


ber of type s is i |. These relations between 


(nXn) and (rxr) determinants, n>>1r, can be reduced to sums of products of de- 
terminants of (n—r)* elements and the relations between determinants of the 
same order r added to products of (n—r)th order determinants and identities 
between determinants of order r which vanish in the determinants. 


SEVERAL FUNDAMENTAL THEOREMS IN GROUP THEORY. 


By DR. G. A. MILLER. 


The following theorems are readily deduced from known theorems. They 
appear to be ef sufficient importance to be explicitly stated in view of their num- 
erous elementary applications. 

Theorem I. Jf a group contains more than one cyclic subgroup of order 
that p, <p, <-...--..<pa , then it contains at least p, such subgroups. If the number 
of these subgroups is exactly p, the value of a, exceeds unity. 

This theorem may readily be derived from the known theorems that the 
number of cyclic subgroups of order p* , z>1 and p>2, in a non-eyclic group of 
order p” is always divisible by p, and that the total number of subgroups of 
order p* in such a group is of the form 1+ mp. Suppose that a group G contains 
more than one cyclic subgroup of order k but that the number of these subgroups 
is less than p,+1. Each of these subgroups is transformed into itself by every 
other one, since an operator of order p* transforms things in multiples of p when 
it does not transform them into themselves. 

From this it follows that two of these cyclic subgroups generate a group 
which is the direct product of its Sylow subgroup. Since these Sylow subgroups 
cannot all be cyclic it is proved that this direct product contains at least p, cyclic 
subgroups of order k, and hence G@ contains at least p, cyclic subgroups of this 
order. From the fact that a group of order p” cannot contain exactly p cyclic 
subgroups of order p* when a=1, it follows directly that 2, >1 whenever G con- 
tains exactly p, cyclic subgroups of order k. 

As an interesting particular consequence of this theorem we have that 
there is no group which contains exactly two cyclic subgroups of the same order 
when this order is either odd or twice an odd number. Moreover, it is easy to 
construct groups containing exactly two cyclic subgroups of any arbitrary order 
which is divisible by 4. For instance, there is an infinite number of groups 
containing just two cyclic subgroups of order twelve, but there is not a single 
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group which contains just two cyclic subgroups of order six. Similar remarks 
evidently apply to the other prime numbers. 

Theorem iI. If a group contains exactly p cyclic subgroups of order k, then 
it contains only one subgroup of order pa , A>1, and hence its Sylow subgroups whose 
orders are divisible by p, are cyclic. 

If these Sylow subgroups were not cyclic G@ would contain at least p, sub- 
groups of order p,%. This is impossible since each of these subgroups would 
transform into itself each of the p, cyclic subgroups of order k, and hence it 
would also transform each of the operators of such a subgroup, with a possible 
exception of those whose orders are divisible by p, , into itself. From this it 
follows directly that there would be more than p, cyclic subgroups of order k in 
G. In the same manner it may be observed that if the order of @ is divisible by 
any prime which exceeds p, all its operators whose orders are powers of this 
prime are commutative with each operator in the p, cyclic subgroups of order k. 

Theorem III. A necessary and sufficient condition that a group is the direct 
product of its Sylow subgroups is that the nth power of each of its operators is 
contained in every subgroup of index n, for every possible value of n. 

That this condition is sufficient follows directly from the fact that if G 
would contain 1+ kp Sylow subgroups of order p” all the operators which would 
transform such a subgroup into itself would constitute a subgroup of index 
1+kp. As the latter would not contain all the operators whose orders are powers 
of p it could not contain the 1+p power of every operator of G. 

That the condition is also necessary follows from the fact that every sub- 
group of order p* which is contained in a group of order p™ is itself invariant in 
a subgroup of order p*+! and hence it includes the pth power of all the operators 
of the latter subgroup. Similarly, the latter subgroup contains the pth power of 
all the operators of a subgroup of order p*+? and hence the given subgroup of 
order p* contains the p*® power of all the operators in this subgroup of order p*+?. 
This reasoning can clearly be continued until we arrive at the entire group of 
order p™. 

It is well known that another necessary and sufficient condition that @ is 
the direct product of its Sylow subgroups is that we arrive at the identity by 
finding the group of cogredient isomorphisms of G, and then finding the group 
of cogredient isomorphisms of this group of cogredient isomorphisms, and then 
the third group of cogredient isomorphisms, ete. A group which is its own 
group of cogredient isomorphisms contains no invariant operator besides the 
identity, and vice versa. 


12 
DEPARTMENTS. 


DISCUSSION. 


™ sin maz 
THE EVALUATION OF 
0 


By S. A. COREY, Hiteman, Iowa: 


The iat solution of problem 203, Calculus, the evaluation of the 


definite integral ans ede m an integer), involves several points of interest. 
g g 


sin 1 mx x 
0 0 


by the formula,* 


Developing f 


B,, 
—fvi(0)] + ........ +(—1)* (2) —f2™)(0)] +... (1), 
, being Bernoulli’s numbers), and taking r=2m, we get 
o[ 2 ] sin [ sin 
‘sin 2 sin x 2m 2m 2m 
2m 2m 2m 
2m—1 ] 
sin | —,— 
(2m—1)x 6.(2m)?.2! x 
2m 


*Annals of Mathematics, Vol. V, No. 4, July, 1904. 
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MTs} 
But as m is an integer, we ae develops by means of (2) into 
0 


1 1 mz)? —6 
1 
(mn y+ —20 (mz)? +120 
according as m is odd or even. 
™ For convenient use in numerical computation (3) may be put into the form 
st. mrsing +(1— 1 1 m 1 


Cy Cs 


where c, =.0682995, c, —.0019567, c; —.0001948, approximately. 


By means of (4) the values of the definite integral corresponding to a few 
values of m are readily found to be as follows: 


For m=1, 1.851936 — 
m=2, 1.418158+ 
m=3, 1.674760— 
m=—4, 1.492164+ 
m=5, 1.633963 — 

1), m=6, 1.518036 — 


SOLUTIONS OF PROBLEMS. 


4 ALGEBRA. 


247. Proposed by PROFESSOR G. W. GREENWOOD, M. A., McKendree College, Lebanon, III. 
Find the sum, to n terms, of 


I. Solution by the PROPOSER. 


The series is the coefficient of in e., in 
Hence the required. sum is 


(n+2)(n+ 4)... (38n—2) 
2.4...(2n—2) 
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II. Solution by HENRY HEATON, Atlantic, Iowa. 


The sum of the first two terms is ao 2 
(n+2)(n+4)(n+6) 
2.4.6 
This may be rigorously demonstrated by induction. 


of the first four, ; of the first r, 


(n+2)(n+4) .......... (38n—2) 
(2n—2) 


Also solved by L. E. Newcomb, J. Scheffer, and G. B. M. Zerr. 


248. Proposed by S. A. COREY. Hiteman, Iowa. 


2802 
6435 161280 


I. Solution by J. SCHEFFER, A. M., Hagerstown. Md. 
In books on higher algebra it is proved that 


Ben + 72m Qn! 
Bon; being* the nth of Bernoulli’s numbers. 


_(2'°_1) B,, 


1 


2x16!x510 


Since B, we find (216 _1)3617’ 


given in the problem. 


II. Solution by G. B. M. ZERR. A. M., Ph. D., Parsons, W. Va. 


46 402 462 
402 462 402 
& 08 910 p12 gla 
=log(1—A). 


9 

; of the first three, 

(n+2)(n+4) 
9 ~(2r—2) 

If r=n the required sum is 


1 
2 929569 +33 Bret 


1 2 


, Which agrees with the coefficient 


*Chrystal’s Algebra, Vol. II, Chapter 30, §15. 


. 
g2 64 
+ 
g16 
} 


nt 


48916 1 ; 


Equating like coefficients of @'® we get 


8192 929569 
6435 161280° 
* 929569 (1 )= 6 


Also solved by F. Anderegg, and G. W. Greenwood. 


249. Proposed by J. J. KEYES, Fogg High School, Nashville, Tenn. 
Solve r+y+z=5, x? +y*=2?, e3+y3+23=8. 


Solution by M. R. BECK, Cleveland, Ohio. 
r+y+z2=5, or (1), 2#*-+9*=s* —...(2), 
+-y3 +23—8, or + y? —2?......... (3). 
From (1) and (2), we have ee ial (4). 
Substituting (1), (2), and (4) in (3), and solving, z=$}. Substituting 
z=$]} in (1) and (2) and solving, —34, and y=32+ // —34. 
Also sclved by Henry Heaton, A. H. Holmes, L. E. Newcomb, J. Scheffer, and G. B. M. Zerr. 


AVERAGE AND PROBABILITY. 


172. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


What is the average length of all straight lines that can be drawn within 
a given triangle? 


II. Solution bv HENRY HEATON, Atlantic, Iowa. 


Let ABC be the triangle. Let z=length of one of the straight lines, and 
# the angle it would make with the side AB if produced to meet it, 0 being taken 
> than the angle A and < than s—B. At the distance rsiné from AB draw 
ED parallel to AB cutting AC in EF and BC in D. Then the number of lines of 
length z making the angle @ with AB is equal to the number of points in the tri- 
A (bsinA —zsiné)? 
b?sin?A 
length z making the angle 6 with AC is equal to the number of points in the tri- 
A (esinA —zsiné)? 
c*sin?A 
the side BC is equal to the number of points in the triangle whose area is 


angle DEC whose area is 


Similarly, the number of lines of 


angle whose area is 


, and the number making same angle with 


15 
: 


16 
A (esinB—szsiné)? 


c?sin? B 
point the required average is 


Then if all lines are equally distributed about the starting 


M, b2sin? A e®sin? A 
7—B  bsinA _(bsinA — xsin0)* (csinA — 
— sinB 
c*sin? B 
esintB 


sin? A Ce2sin® 


0 
4f sind A sind siné 


=fabe+ab log -+ae log(*,) +0 log 


If the lines are so distributed as to join every possible pair of points the 
required average is 


sin?@ 
—B (bsin.A —2sin6)* -(esinA 


° (csin B—zsin0)? “doxtdx 


n—C esi 


c*sin? B 


A ™—Cossin’ A gin? B 
ao 4 Ay Bay 


™—Bh? sin? A A B 
gin? + sintg + sin®6@ ao 


Ix 
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(a— 


In the above free use is made of the well known formulas 


+(a+e) + (b+ce) 


2A |(s—b) (s—c) 
*If c—b==-a, M, 276a, and M,—}+4" = (1+ #logit) 
=.3638a. 
CALCULUS. 


wig on Problem 207.—The proposer’s value of 4=? for the definite inte- 


gral Sa 


1 
correct except in the last line where the evaluation of u—v=2f lor¢ pe dz — 
0 
f should read > 
by the following evaluation, due to Dr. Zerr, who has contributed two correct 
solutions of the problem. 


is wrong and should be 4=*. Mr. Corey’s solution (p. 230) is 


That this is true is easily shown 


1 1 ] 1 1 1 


210. Proposed by EDWIN L. RICH, Schenectady, New York. 


Determine a polynomial, f(x), entirely in z and of the seventh degree, so 
that f(x) +1 is divisible by (7—1)* and f(z)—1 by (+1)*. [Goursat-Hedrick, 
A Course in Mathematical Analysis, p. 32, Ex. 3.] 


*See Problem 35, p. 391, Williamson’s Integral Calculus. 
tSee for example, Locke’s Treatise on Higher Trigonometry, p. 99 and Ex. 1, p. 100. 


G. 
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Solution by G. W. GREENWOOD, M. A., McKendree College, Lebanon, III. 
(az? + bx? +er+d) + +1. 


Putting —z for z and transposing we have 
(2—1)4(a'x? —1=(4+1)*( ax —bx* +cr—d) +1. 


These identities are consistent if a=a’, c=c’, d=—d'. 
By equating coefficients of the same powers of z in either identity, and 
solving the resulting we get a=',, b=§, c= d==1. 
= Pot? + — Fhe. 
Also solved by R. D. Carmichael, A. H. Holmes, Henry Heaton, J. Scheffer, G. B. M. Zerr, and 
the Proposer. 
211. Proposed by R. D. CARMICHAEL, Hartselle, Ala. 
*If what is the f(x) such that v=f(7)? 


Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let v=u+1. Then wv=u+1. Let r=e. Let cu=y. 
e=y/e+l. If y=a+bep(y) we have by Lagrange’s Theorem 


In this problem y(a)=e*. 


3 a 


(logr)* | (logx) Clog. x)” 
=f(2)= 1/z +— 1x3 3 +-..... ete. 
GEOMETRY. 


267. Proposed by W. W. LANDIS, Dickinson College, Carlisle, Pa. 


Prove that every orthogonal system of circles in a plane is an isothermal 
system. 


*This problem should admit of interesting generalizations, say for a=v/() for certain classes of 
functions f. G. 


19 


Solution by F. H. SAFFORD, Ph. D., The University of Pennsylvania. 


Let any given orthogonal system of circles be inverted with respect to a 
circle whose center is an intersection of two circles, one from each family, and 
neither of them a real circle. The result is a new orthogonal system containing 
two straight lines derived from the two circles, and each line is the locus of cen- 
ters of the ‘opposite’ family of circles. Using these lines as axes of codrdinates, 
the two circle families are (r—a)*+y*=c®, x? +(y—b)*?=d?, in which, because 
the circles are orthogonal, a®?+b?=c*+d?. Writing c?=a?—k* in the last 
equation gives d*=-b?+-k?, and the circle families become x? +y? —2axr+k*?—0, 
a? + y? —2by—k?—0. 

The constants are now independent, but since any circle of one family is 
orthogonal to all of the other family it follows that a and d are the respective 
parameters. If now a and dD are replaced by keoth2v and —kcot2u, respectively, 

k 
Thus the given system is also isothermal, since it may be obtained from this one 
by inversion. When k is 0 or o the corresponding result is 


the system may be written u+vi=—tan— 


, which shows that it is isothermal. 


or u+v=2+ yl. 


274. Proposed by R. D. CARMICHAEL, Hartselle, Ala. 


If a straight line AB is placed between two intersecting straight lines MN 
and PQ and is made to revolve through all possible positions having A always in 
MN and B always in PQ, what is the locus of any point Z in AB or ABproduced? 


I. Solution by G. W. GREENWOOD, M. A., McKendree College, Lebanon. IIl. 
We can choose codrdinate axes so that the equations to the given lines are 
2=a; Let the codrdinates of A, B, L be, respectively, 
(A, rh, a), (k, —rk, —a), (2, y, 2). Then 


e—h y—rh s—a AL 
y+rk e+a BL’ 
(3) 
Hence the locus lies in a plane parallel to z—0, or to the given lines as is 
otherwise evident. Also AB*=/?=(h—k)*+r?(h+k)?+4a?............... (4). Elim- 


inating h, k between (1), (2), (4) we have an ellipse for the required locus, its 
equation being 


(1—m)? { [y(m—1) + rx(m+1)]? + [y(m+1) +r2(m—1)]?r? } =4m* r? (12? —4a?). 


d 

2. 

al 

of 

G. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 
Let O be the intersection of MN, PQ. OA=-a, OB=b. Draw LD paral- 
lel to OB, and let Dbe in MN. Let OD=u, DL=v, AB=c, AL=d, 2 AOB=A. 
Then a? + ; c: v. 


a’ (d—c)* d? d(d—c) 
u? Quveos? 
t 


.. The locus is an ellipse. 


III. Solution by A. H. HOLMES, Brunswick, Maine. 

Suppose the straight lines MN and PQ intersect each other at right angles 
at O, and AB placed between them: A 6n MN and Bon PQ, and La point in 
AB. Draw LO. Put AL=b, BL=a, and LO=r, and LAO=¢, AOL=é. Then 
bsingd=rsin#, and 

a* V (a*sin?¢ + b2c0s?20) 

Therefore the locus of point Z is an ellipse whose semi-major axis is BL 
and whose semi-minor axis is 42. When MN and PQ intersect obliquely at 

absing 
Also solved by R. D. Carmichael, and J. Scheffer. 


angle ¢ the semi-minor axis would be 


275. Proposed by PROFESSOR WILLIAM HOOVER, Ph. D., Athens, Ohio. 
An hyperbola is drawn touching the axes of an ellipse, and the asymp- 
totes of the hyperbola touch the ellipse. Prove that the center of the hyperbola 
lies on one of the equal conjugate diameters of the ellipse. 


Solution by the PROPOSER. 
Let (2, y’) be the intersection of the tangents to the ellipse 
a*y? +b2x*? —a?b? —0........ (1); then these tangents being the asymptotes of the 
hyperbola, (2’, y') is the center of the hyperbola. The equation to the tangents 
to (1) from (2’, y’) is 


(a? y? —a*b? )(a*y’? + + (2), 
or, (y'? + —a?® )y? — y'y—(a®y’? )=0.....(3). 
Now, the equation to the asymptotes of a conic differs from the equation to the 
conic by a constant only; then adding ¢ to the left member of (3) we have the 


equation to the hyperbola. 
If now y=0 in this equation to the hyperbola, we have 


| | 


(y'? —b? jx? (a? y’? + +e=0......... (4), . 


and the condition that (4) has equal roots, or that the hyperbola touches 
the X-axis is given by y’*(a*b* —a*®y'? )=c(b? —y’* ) ........ (5); and, in a 
similar way that the curve touches the Y-axis, 2'*(a*b*—a*y'?—b*z'*) 
==¢(a* —z’2) ....... (6). (5)+(6) gives after reduction, a?y'? (7), 
showing that (2’, y’) is on an equi-conjugate axis of the ellipse. 

Also solved by G. W. Greenwood, A. H. Holmes, W. W. Landis, J. Scheffer, and G. B. M. Zerr. 


GROUP THEORY. 


12. Proposed by GEORGE H. HALLETT, Ph. D., Assistant Professor of Mathematics, The University of 
Pennsylvania. 


Given U,=a', and the recursion formulae U,=a' 
Uy... Find expressions for U,, V, in terms of the coefficients 
” 


Solution by PROFESSOR JAMES BYRNIE SHAW, The James Milliken University, Decatur, Ill. 


By eliminating V we find that U,, is the coefficient of z* in the expansion 
of 
1—(a"+/')r+ 


Likewise we find that V,, is the coefficient of 2 in the expansion of 


l—a"z 


We may state the result asfollows: Let cost where T? | 3” 
in nd sin 

sind sind 

forms are easily verified by mathematical induction. The well-known formulae 
sin 

for — 
sind 

irrationalities. 


give U, and V, in terms of the coefficients directly, and free from 


13. Proposed by 0. E. GLEEN, Ph. D., Springfield. Mo. 
The order of the linear homogeneous group in » letters is ( p»—1)( p»—p) 
eae (p"—p"—). Two proofs are given in Burnside’s Finite Groups. Give 
other proofs. 


Solution by the PROPOSER. 


The linear homogeneous group is known to be equivalent to the group of 
isomorphisms of the abelian group H,.=[P,, P, ........ P,) of type [1 1 1........}, 
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order p”. Let hy, hy, ---... represent the subgroups of H, of order p, and 


Jix =(;: . ; — the isomorphism of H gotten by replacing P; by any oper- 


ation (order p) in Aj, (j=1 2........ m), say the new generators from the kth set of 
all of the possible sets which might be chosen from hj, , hi, -....... h,,. The num- 
ber of values of k is obviously equal to ®( p)"=(p—1)". To determine the 
number of choices of this set of subgroups (number of values of 7) suppose that a 
of a set of nm generators have been selected. The remaining n—a operations 
must be selected outside the subgroup H,« generated by the first 2, and thus there 
remain 

p—1 


subgroups h,;,from which to select the remaining n—a. Thus the product of the 
number of values of k and the number of values of i is 


n—1 yo 
which is the number of choices of new generators of H, or the order of its 
automorph. 


MECHANICS. 
186. Proposed by R. D. CARMICHAEL, Hartselle, Alabama. 

A point P keeps at uniform distance from and moves with uniform angu- 
lar velocity around a point Q which is in harmonic motion, making one revolu- 
tion while Q swings to and fro. If P is in the line of the path of Q and on the 
same side of the center of that path with Q when Q is at the extremity of the 
path, what is the locus of P? 


Solution by the PROPOSER. 

Take the origin at the center of the path of Q, and let a=half the length 
of that path. Let PQ=2, and let ¢=the angle of PQ with the path of Q at any 
time. Then, it is easily shown that z=(a+b)cosé, y=bsiné, the equations of an 
ellipse whose axes are a-+0 and b. 

Also solved by G. W. Greenwood, and G. B. M. Zerr. 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


253. Proposed by R. D. CARMICHAEL, Hartselle, Ala. 

Prove that 25+az+b=0 is solvable by radicals if b=ma, m being the neg- 
ative of half the sum of any two roots of the original equation. Exhibit 
the solution. 

254. Proposed by R. D. CARMICHAEL, Hartselle, Ala. 
n2 


Sum to infinity the series , beginning with n=1. 


(16n? —1) 
255. Proposed by 0. E. GLENN. Ph. D., Springfield, Mo. 

Let f be the binary cubic a,z7,°+3a,222,+3a,27,27+a,23, A=(f,f). 
the covariant, the second transvectant of f over itself, and R=2[4(a,a,—a,?) 
X(a,a,—a,?) —(a,a,—a,a,)?]=(A, A),=the second transvectant of A over 
itself. Then if A,, is the A covariant for the cubic pencil «f+4Q, Q being the 
first transvectant of f over A we have A,,=(«?—4/4?R)A. 


CALCULUS. 
900. Proposed by PROFESSOR B. F. FINKEL, A. M., 4038 Locust Street, Philadelphia, Pa. 

Prove that, if the differential equation cydz—(y + a+bzr)dy—nz(ady—ydz) 
=0, be transformed into an equation between wu and « by the substitution 
u(y+a-+be-+nx? )=y(c+nz), then the variables are separable; and reduce the 
equation to the form dv/¢(v)—dz/¢(zr) by the further substitution v=au+ , a 
and ? being suitably determined. Euler. [Forsyth’s Differential Equations, p. 
48, Ex. 4.] 


DIOPHANTINE ANALYSIS. 
132. Proposed by 0. E. GLENN, Ph. D., Springfield, Mo. 
Disregarding the order of 2, », v, how many sets of solutions has the con- 
gruence 4+n-+v=0 (mod p—1) (p prime)? 


GEOMETRY. 


280. Proposed by WILLIAM HOOVER, Ph. D., Athens, Ohio. 
On any diameter of a given ellipse is taken a point such that the tangents 
from it intercept on the tangent at one end of the diameter a length equal to the 
diameter; the ellipse being a*y?+6*z?~a*b?=0. Prove that the locus of the 


point is (4 - 


281. Proposed by G. W. GREENWOOD, M. A., McKendree College, Lebanon, III. 
In the proposition in solid geometry ‘‘If a line is perpendicular to each of 
two intersecting lines it is perpendicular to the plane of the lines,’’ it is assumed 
that two intersecting lines have a common perpendicular. Prove it. 


282. Proposed by REV. ALAN S. HAWKESWORTH, Allegheny, Pa. 


The pedal lines of any two points on the cirecumcircle of a triangle concur 
in an angle equal to that subtended by the said points. 


283. Proposed by REV. ALAN S. HAWKESWORTH, Alleghenv, Pa. 


The right angled intersection of the pedal lines of any diameter of the cir- 
cumcircle lies on the ‘‘nine points circle’’ of the inscribed triangle. 


MECHANICS. 
990. Proposed by R. D. CARMICHAEL, Hartselle, Ala. 

A curve in a vertical plane has a horizontal tangent along which a heavy 
particle moves without friction with uniform velocity v until it reaches 7, the 
point of tangency, when by its own momentum alone it ascends the curve against 
the force of gravity. Find the equation of the curve such that the particle, after 
ascending for a time along the curve, will leave it and fall freely till it strikes at T. 


NOTES AND NEWS. 


Mr. EK. B. Smith, instructor in mathematics at Purdue University, has 
resigned. 


Mr. W. M. Persons, of the University of Wisconsin, has been appointed 
assistant professor of mathematics at Dartmouth College. 


Professor J. E. Bonebright, of the Colorado Agricultural College, has been 
appointed professor of mathematics at Ottawa University, Ottawa, Kansas. 


The following officers were elected at the Chicago meeting of the Central 
Association of Science and Mathematics Teachers: President, O. W. Caldwell, 
Charleston, Ill.; Treasurer, C. W. D. Parsons, Evanston, Ill. 


Dr. 8. T. Tamura, B. Se., M. A. (lowa), Ph. D. (Columbia), a native of 
Japan, has been appointed mathematician in the department of terrestrial mag- 
netism of the Carnegie Institution, with which he has been connected as assistant 
for the past two years. 


The Mathematical Section of the California Teachers Association elected 
the following officers at its recent meeting: President, Professor G. A. Miller; 
Vice President, Professor W. H. Baker, San Jose Normal School ; ; Secretary, Mr. 
J. Fred Smith, Campbell High School. 
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Professor Alexander Ziwet, Chairman and Vice President of Section A, 
American Association for the Advancement of Science, took for the subject of 
his New Orleans vice presidential address ‘‘The Relation of Mechanics to Phys- 
ies." His address is published in full in Science of January 12. 


The Colorado Mathematics Society, having for its main object the improve- 
ment of the teaching of mathematics, was organized in Denver, Colorado, 
on December 2, 1905. Professor DeLong, of the University of Colorado, was 
elected president, and Mr. Smith, of the North Denver High School, secretary. 


The Proceedings of the International Congress of Arts and Sciences, which 
held its meeting at St. Louis in September, 1904, are being published by Hough- 
ton, Mifflin Company. These will comprise eight volumes, the first of which 
will contain papers on philosophy and mathematics. The papers will be 
published as presented, except that those read in foreign languages will be trans- 
lated into English. 


A NATIONAL The report of the committee on ‘‘American Society of Teach- 
SOCIETY, PRO ers of Mathematics and the Natural Sciences’’ is published 
AND CON. in the January number of School Science and Mathematics. 


This committee has drafted a constitution which it has 
submitted to the leading local mathematics and science teachers associations in 
the country for their approval. The objects of the American Society as set forth 
in Article II of the Constitution are, (1) ‘‘To improve the teaching of mathemat- 
ics and science.’’ (2) ‘‘To promote the interests of teachers of mathematics and 
the natural sciences.’’ (3) ‘‘To foster the organization of such teachers in 
groups of various scopes.’’ (4) ‘‘To support a journal or journals devoted to 
the aims of the society.’’ It is proposed in the Constitution to hold one annual 
meeting in conjunction with the N. E. A. 

A significant response to the circulation of the committee’s report was the 
resolution of the Central Association at Chicago December 2, that ‘‘the proposed 
constitution does not meet the ideals of the Central Association of Science and 
Mathematics Teachers.’’ This association passed resolutions favoring the organ- 
ization of three codperating general societies, eastern, western, and central, 
each holding its own general meetings within its own territory, the three uniting 
as a national body in one annual meeting. 


ASSOCIATION OF The Mathematical Section of the Indiana State Teachers’ As- 


TEACHERS OF sociation held its annual meeting as a section of the Associa- 
MATHEMATICS IN tion at Indianapolis, on December 27, about 250 teachers of 
INDIANA. mathematics being present. The following papers were read : 


(1) The High School’s Portion of Higher Mathematics, by 
Professor David A. Rothrock, Indiana University ; (2) Instructing vs. Teaching, 
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by Professor John C. Stone, Indiana State Normal ; (3) In What Grades Should the 
Study of Algebra Begin? by Superintendent George L. Roberts, Muncie; (4) 
How Can High School Mathematics Better Prepare for Study of Science? 
by Leonard Young, Evansville High School. By a vote of the Section a com- 
mittee of five, consisting of Professor D. A. Rothrock, Indiana University, 
Bloomington, Professor T. G. Alford, Purdue University, Lafayette, Professor 
W. P. Morgan, State Normal, Terre Haute, Principal D. R. Ellabarger, Rich- 
mond High School, and Mr. G. H. Mingle, Anderson High School, was appointed 
to formulate plans for an ‘‘Association of Teachers of Mathematics in Indiana.’’ 
The committee was empowered to call a meeting and arrange a program for pre- 
liminary organization. The first meeting of the proposed Association will be 
held at Indianapolis, March 30, in connection with the meeting of the Southern 
Indiana Teachers’ Association. 


THE AMERICAN The American Mathematical Society held its twelfth annual 
MATHEMATICAL meeting at Columbia University on December 28-29, simul- 
SOcIETY. taneously with the meetings of the American Physical Soci- 

ety, and the Astronomical and Astrophysical Society of 
America. Large attendance and extensive programs characterized the three- 
fold gathering. A joint meeting of the Mathematical and Physical societies was 
held on Friday afternoon for the purpose of hearing Professor V. F. Bjerknes, 
of the University of Stockholm, who spoke on ‘‘Experimental Demonstration of 
Hydro-dynamiec Action at a Distance.’’ 

The American Mathematical Society elected the following officers and 
members of the Council: Vice Presidents, Charlotte A. Scott and Irving String- 
ham; Secretary, F. N. Cole; Treasurer, W. S. Dennett; Librarian, D. E. Smith; 
Committee of Publication, F. N. Cole, Alexander Ziwet, D. E. Smith; Members 
of the Council, to serve until December, 1908, C. L. Bouton, L. E. Dickson, Ed- 
ward Kasner, E. J. Townsend. 

The following have been elected members of the Society: Mr. R. L. Bér- 
ger, University of Missouri; Professor W. B. Cairns, Ursinus College; Mr. A. 
J. Champreux, University of California; Dr. Emily Coddington, New York, N. 
Y.; Dr. F. J. Dohmen, University of Texas; Dr. O. E. Glenn, Drury College; 
Mr. E. 8 .Haynes,:- University of Missouri; Professor J. H. Jeans, Princeton 
University; Mr. A. R. Maxson, Columbia University; Professor J. F. Travis, 
Georgia School of Technology; Professor Vito Volterra, University of Rome; 
Miss Mary E. G. Waddell, Orono, Canada. 


ERRATA. 
On page 230, line 6, for 4z* read 4z?. 
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On page 230, line 16, for - al a 
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THE GROUPS WHICH CONTAIN LESS THAN TWENTY OPER- 
ATORS OF ORDER THREE. 


By G. A. MILLER. 


All the operators of a given order which are contained in a group (@) 
generate an invariant subgroup if they do not generate the entire group. As the 
existence of invariant subgroups in @ is generally very useful in determining 
other properties, it is of interest to know what groups contain a given number of 
operators of a certain order and are generated by these operators. Very little 
has been done along this line. One of the most interesting problems in this 
connection is the determination of all the groups which contain a small number 
of operators of order 2 and are generated by these operators. This problem has 
been solved in case the number of the operators of order 2 does not exceed 15. 

The present note is devoted to a study of a few of the groups which seem 
almost as interesting as those just mentioned. It will be observed that very few 
theorems of group theory are employed in these considerations. According to a 
well known theorem due to Frobenius, the number of subgroups of ofder 
pin any group is of the form 1+kp. Hence the groups which come under the 
present heading contain 2, 8, or 14 operators of order 3. In the first case the 
operators of order 3 generate an invariant subgroup of this order. The other 
two cases lead to much more interesting results. 


§1. Groups which contain just eight operators of order three and are generated 
by these operators. 
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